Abstract. We give a characterization of biorthogonal wavelets arising from MRA's of multiplicity D entirely in terms of the dimension function. This improves the previous characterization in [8] removing an unnecessary angle condition. Besides we characterize Riesz wavelets arising from MRA's, and present new proofs based on shift-invariant space theory, generalizing the 1-dimensional results appearing in [17] .
Introduction. Let Γ = AZ
for every finite sequence of scalars {c l j,γ } (see [16, §8.5] , [2] ). We say that a wavelet family Ψ arises from an MRA (or is associated with an MRA) whenever the family of subspaces As usual, a set of functions Φ = {ϕ 1 , . . . , ϕ D } as in (iii) will be called a scaling family for the MRA, while the integer D denotes the multiplicity of {V J } J∈Z .
In this paper we shall be interested in pairs (Ψ, Ψ ) of biorthogonal wavelet families, that is, those wavelet families Ψ = {ψ 1 , . . . , 
. , D.
The concepts of biorthogonal wavelets and MRA's play an important role in applications and have been considerably developed in the literature since the work of Cohen and Daubechies [9, 10] .
In a previous paper [8] , the second author together with A. Calogero provided a characterization of those pairs of biorthogonal wavelet families (Ψ, Ψ ) which arise from biorthogonal MRA's. This result extended to the biorthogonal situation (and higher multiplicity) a well known theorem for dyadic orthonormal wavelets in L 2 (R), proved independently by G. Gripenberg [14] and X. Wang [21] in the mid-90's (see [16, Theorem 7.3.2] and references therein). In both cases, the characterization relied on a discretization technique introduced by P. Auscher some years before [2] , which relates the space V 0 in (1.1) with the "spaced-valued" function:
), ( 1.2) and similarly V 0 with the corresponding F(ξ) (with Γ * denoting the dual lattice of Γ ). Then, the main result in [8] stated that a couple of biorthogonal wavelets (Ψ, Ψ ) arises from biorthogonal MRA's if and only if the following two conditions are satisfied:
As in the theorem of Gripenberg-Wang, the first condition admits an explicit expression in terms of the so-called dimension function:
as a consequence of the identity dim
R n , whenever Ψ, Ψ are biorthogonal wavelet families (see [8, §2] ). The second condition, however, seemed to be a special constraint of the biorthogonal setting, which trivially holds when Ψ = Ψ . In [8] we used the notion of "angle" between two D-dimensional spaces E, F (with E ∩ F ⊥ = {0}) given by
where C e,f = ( e i , f j ) 1≤i,j≤D denotes the correlation (or Gramian) matrix associated with two bases e = {e 1 , . . . , e D }, f = {f 1 , . . . , f D } of E and F , respectively. This definition was naturally obtained from the identity Angle(E, F ) = S E,F −1 , where S E,F denotes the projection onto E "parallel" to F ⊥ (i.e., ran S E,F = E and ker S E,F = F ⊥ ; see [8, Proposition 4.5] ). In [8] , however, we were not able to show the independence of conditions (I) and (II), limiting ourselves to find very mild assumptions on the biorthogonal pair (Ψ, Ψ ) so that (II) holds (see [8, Cor. 4.17 
]).
In this paper we show that condition (II) is indeed redundant, and in fact it is just a consequence of the biorthogonality of the wavelet pair (Ψ, Ψ ). This was already shown in the 1-dimensional (dyadic) case by H. Kim, R. Kim and J. Lim, in a recent work [17] where an elegant approach to the whole problem is given. This is based on an interpretation of wavelets and MRA's in terms of shift-invariant spaces, as developed in the works of de Boor, DeVore, Ron [3] , Aldroubi [1] , and others. Our goal in this paper is to combine these ideas with recent results by the first author [4] , in order to give a new proof of the main theorem in [8] in which the "angle condition" (II) has been eliminated. As a consequence, we obtain the following new characterization for biorthogonal MRA wavelets, which generalizes to higher multiplicities (and higher dimensions) the results in [17] .
Then, the following statements are equivalent: We emphasize the crucial role played by the notion of "angle" between shift-invariant spaces, for which we shall use a definition (due to Aldroubi [1] ) equivalent to (1.4) in the case of finite-dimensional spaces.
In addition, we shall combine the ideas in [17] with recent results about generalized MRA's in [5, 18] to obtain as well a characterization for Riesz wavelets arising from an MRA (not necessarily biorthogonal). This will be our Theorem 3.3 below, which we shall furnish with a variety of examples to illustrate the sharpness and independence of the conditions now used.
The paper is organized as follows. In §2 we present the relevant theory of shift-invariant spaces including an exhaustive study of the concept of "angle". In §3 we characterize Riesz wavelets arising from MRA's, and leave for §4 the proof of Theorem 1.5 
We denote by Γ * = 2π(A * ) −1 Z n the dual lattice of Γ , and by
It is not difficult to show, using Zorn's lemma, that every Γ -invariant space S can be written as S = S(Φ) for a countable family Φ ⊂ L 2 (R n ). Actually, Φ can be taken to be orthogonal and so that the system {ϕ γ } γ∈Γ, ϕ∈Φ is a tight frame of S (see, e.g., [19, Theorem 1. 2.10] or [4, Theorem 3.3 
A main question in the theory of Γ -invariant spaces is whether these admit an orthonormal basis of the form {ϕ γ } γ∈Γ, ϕ∈Φ for some Φ ⊂ L 2 (R n ). In the study of this and other related problems a fundamental role is played by the following isometric isomorphism, which in this paper we shall call the Helson transform: 
Observe, in particular, that J S (ξ) is independent (for a.e. ξ) of the choice of Φ. An elementary proof of Proposition 2.1, which includes as well a converse, can be found in [4, Proposition 1.5]. We shall need two more results.
Then the following statements hold :
Proof. A proof in the case when
The general situation follows easily by changing variables. Indeed, define the isometry
is also an ONS. Now, using the case Γ = Z n this is equivalent to {|det A| −1/2 Hϕ(ξ)} ϕ∈Φ being an ONS of 2 (Γ * ) for a.e. ξ ∈ D. The situation for a Riesz system is similar.
Observe from the previous propositions that if S is Γ -invariant and Φ ⊂ S is countable, then {ϕ γ } γ∈Γ, ϕ∈Φ is an orthonormal basis (or Riesz basis) of S = S(Φ) if and only if {|det A| −1/2 Hϕ(ξ)} ϕ∈Φ is a basis for the space J S (ξ), and a.e. ξ ∈ D. As an application we obtain the following: The second result characterizes Γ -invariant spaces with finite multiplicity.
we have Hϕ d = v d and the result follows from the two previous propositions. The converse is also immediate from the two previous propositions.
The angle between shift-invariant spaces.
We begin with the following definition of angle between subspaces of L 2 (R n ), taken from the work of Aldroubi [1, 20] .
Definition 2.5. The angle R(E, F ) between two closed subspaces E, F of a Hilbert space H is defined as
where P E denotes the orthogonal projector onto E.
We point out that R(E, F ) is actually the cosine of the angle Θ(E, F ) between E and F as it is defined in [1] 
The following example is illustrative.
which are actually invariant with respect to all translations in R n . Now, if
The next general result gives an explicit expression for the angle between spaces with the same finite dimension, showing that in this case R(E, F ) = R(F, E) = Angle(E, F ), as defined in (1.4).
Proposition 2.8. Let E, F be vector subspaces of a Hilbert space H
where C e,f = ( e i , f j ) 1≤i,j≤d is the correlation matrix of e and f .
Proof. Take any y = d j=1 y j f j ∈ F , where y j = y, f j , and observe that, from the formula for the projector P E y = d i=1 y, e i e i , we have 
where Z is the column matrix with entries z 1 , . . . , z d .
Corollary 2.9. Let E, F be subspaces of a Hilbert space H with the same finite dimension, or the same finite co-dimension. Then R(E, F ) = R(F, E).
Our next results concern the angle between Γ -invariant spaces.
Proof. Let P S 1 be the orthogonal projector of L 2 (R n ) onto S 1 , and denote by P 1 (ξ) = P J S 1 (ξ) the corresponding orthogonal projector from 2 (Γ * ) onto J S 1 (ξ). Then, for every f ∈ L 2 (R n ) the Helson transform gives the equality H(P S 1 f )(ξ) = P 1 (ξ)(Hf (ξ)), a.e. ξ ∈ D (see, e.g., [4, Lemma 1.4]). Further, restricting the above to f ∈ S 2 we see that
for a.e. ξ ∈ D. Thus, in the notation of [4, §4] , 
establishing (2.11).
As an immediate consequence of Proposition 2.10 and Corollary 2.9 we have the following.
We conclude with the following result, giving necessary and sufficient conditions for the existence of biorthogonal Riesz bases for two Γ -invariant spaces. 
In this last claim it should be observed that span{P 1 . Therefore, the orthogonal projection P S 1 onto S 1 can be given as
Observe in particular that
. Pick now a function f ∈ S 2 \ {0}, and expand it as
Then
γ , and Remark 2. 16 . The previous proposition holds as well (and with the same proof) when we let D = ∞ in (2.14). In this case, the condition R(S 1 , S 2 )>0 in the first statement must be replaced by R(S 1 ,S 2 )R(S 2 ,S 1 )>0.
As an application to MRA theory we have the following characterization.
The previous corollary tells us that for a given multiresolution analysis {V j } j∈Z , there may be many other MRA's { V j } j∈Z so that {V j , V j } j∈Z are biorthogonal. In particular, we can produce a large collection of biorthogonal wavelets from a fixed scaling function ϕ, by just choosing appropriate biorthogonal scaling functions ϕ. This contrasts with the fact that a Riesz wavelet ψ can have at most one partner ψ so that (ψ, ψ) are biorthogonal wavelets. The following example (in the 1-dimensional dyadic case) is quite illustrative. 
so that the following scaling equations hold:
Next, we define the high-pass filters:
Then the candidates for biorthogonal wavelets are:
and
We observe that, although with this definition the systems {ψ j,k } j,k∈Z , { ψ j,k } j,k∈Z are always biorthogonal, one has to check separately that they satisfy the Bessel property, and hence, constitute a pair of dual Riesz bases in L 2 (R). Now, following [12, p. 268 ], the Bessel property for a sequence { j,k } j,k∈Z in L 2 (R) holds provided the function satisfies the two estimates
for some constants ε, C > 0. This condition is easily verified for = ψ, ψ, when 0 < ε < 1/2, and thus (ψ, ψ) are biorthogonal wavelets.
Finally, it is very easy to construct examples of non-biorthogonal MRA's. } j∈Z cannot be biorthogonal. It is also possible to obtain an MRA which is not biorthogonal to the Haar MRA. For this we can consider a scaling function ϕ K = χ K , where K is a suitable "scaling set" having a point of density at ξ = 2π. In this way, . .,L, j<0 ), and therefore "⊆" holds in (3.1). In particular, we conclude from Proposition 2.1 that
The following result appears to be new in the literature and generalizes [17, Theorem 2.6]. 
Proof. The necessary condition is easy. If Ψ is associated with an MRA, then there exist 
Going back to Theorem 3.3, since V 0 is Γ -invariant, it must equal V 0 , and therefore,
Thus, using the formula for the dimension function of an orthonormal wavelet family (see, e.g., [8, §2] ), we must have
Integrating over D and deperiodizing the integral on the right we obtain
In the particular case L = |det M | − 1, Theorem 3.3 admits a more explicit statement where dim F(ξ) = D is replaced by a simpler verifiable condition in terms of Ψ .
. , ψ L } is a Riesz wavelet family, then Ψ is associated with an MRA if and only if
In this case, the MRA {V J } J∈Z has multiplicity 1. we see that
On the other hand, as we mentioned in §1 (see also (4.1)), D Ψ, Ψ (ξ) = dim F(ξ) ≥ 1, a.e. ξ ∈ D, and therefore necessarily dim
Remark 3. 7 . As pointed out in [17] , several examples in the 1-dimensional dyadic case show that the two conditions in Theorem 3.5 are independent of each other. More examples in the higher-dimensional situation are presented below in §5.
Biorthogonal Riesz wavelets.
In this section we shall prove our main result: Theorem 1. 5 . We assume throughout this section that (Ψ, Ψ ) is a pair of biorthogonal wavelet families in L 2 (R n ). Recall from [8, §2] that in this case the dimension of the spaces F(ξ), F(ξ) can be explicitly computed:
where ..,L, j<0, γ∈Γ , the first sum is direct and the second orthogonal. Observe that Z is Γ -invariant, and therefore, so is its complement V 0 (and by a dual argument also V 0 ).
The following general result justifies that the angle between the spaces V 0 and V 0 is always positive. Assume that (2) holds, and recall that V 0 and V 0 are Γ -invariant. Hence, by (4.1) and (3.2) we have 
Further remarks and examples.
In this last section we complete the results in the paper with various comments and examples illustrating the sharpness of our theorems.
with arbitrary L ≥ 1, so that (3.6) holds (and V 0 is shift-invariant), but not arising from an MRA. Such constructions were presented in [8, Example 5.5] , and were of the form
form a suitable partition of M * L T , and T is a fixed wavelet set in R n . For these examples we showed that
while Ψ arises from an MRA (of multiplicity 2 L ) iff ψ = χ ∨ T arises from an MRA (see [8, Proposition 5.8 ]). 5 . The dimension function associated with orthonormal wavelets has been studied by various authors in different contexts. In [6] there is a large collection of examples, in one and higher dimensions, of dimension functions taking arbitrarily large values, or even being unbounded. We point out that when ψ is a Riesz wavelet which is not orthonormal, then the "dimension function" D ψ (ξ) is no longer integer-valued (see, e.g., Example 2.18 above). We define ψ(ξ) = e iξ/2 | ψ(ξ)| in a completely analogous way, except that we replace α by β = 1 − α. 8. Finally, we would like to recall a fundamental open question in this subject: does any pair of biorthogonal MRA's have an associated pair of biorthogonal wavelets? In particular, is it true that the Cohen-Daubechies algorithm [9, 10] applied to any pair of biorthogonal MRA's always yields biorthogonal wavelets? As pointed out in Example 2.18, the biorthogonality follows automatically and the problem boils down to the verification of the Bessel condition (see also [12, p. 268] ). It is known that the answer to the above question is affirmative under a relatively mild decay assumption on the scaling functions (see [10, Theorem 3.8] ), where the assumption of compactly supported scaling functions can be easily relaxed. However, the general situation seems to remain open, with no counterexamples of wavelet systems obtained by the Cohen-Daubechies algorithm which do not satisfy the Bessel condition.
